In practice, the products can be manufactured through several stages. In this manuscript, we will propose an attribute control chart plotting the number of defectives for a two-stage process. The in-control average run length is derived and the out-of-control average run lengths are also analyzed according to the process shifts in the first and/or the second stage process. The tables of the average run lengths are given for various specified parameters. An example is given with synthetic data for the illustration of the proposed control chart.
Introduction
Control charts have been considered as a powerful tool in any industry for the improvement of product quality. A control chart constructs lower and upper control limits and plots a suitable statistic at each subgroup. The process is declared as out of control if the plotting statistic is beyond the control limits. The early detection of an out-of-control, if any, is very important to minimize the nonconforming products. It will be also important for a control chart to minimize the type-I error (the probability of declaring the process as out of control when it is actually in control) and type-II error (the chance of declaring the process as in control when it is actually out of control). Basically, control charts are classified as (1) attribute control charts and (2) variable control charts. The former is used when the quality characteristic is obtained from a process of categorizing a product as conforming or nonconforming. The latter is used when the quality of interest is obtained from the measurement process, such as the measurement of diameter of a ball bearing. Both control charts have been widely used in the industry for the improvement of quality. Among variable control charts, the X bar chart is the most popular in the industry, 1 while among attribute control charts, the np chart is widely used in the industry. More details about the designing and the use of attribute control charts can be read in Epprecht and Costa, 2 Laney, 3 Epprecht et al., 4 Wu et al., 5, 6 Luo and Wu, 7 Wu et al., 8 Lucas et al., 9 Montgomery, 10 Wu and Wang, 11 Sim and Lim, 12 Chen et al., 13 Aebtarm and Bouguila, 15 Aslam et al. 16, 17 Usually, attribute control charts are designed to monitor a single process. But, in the industry, there are many situations where manufacturing of the product is based on several production stages or processes. For example, in fire extinguisher manufacturing, cylinders pass through various processes before they are finally produced, as described in Duffuaa et al. 18 According to Duffuaa et al., 18 products are processed through several stages and more than one process impacts on product quality characteristics.
According to our best knowledge, the designing of a control chart for a two-stage process has not been studied before. Therefore, there have been not much works for a two-stage or a multi-stage process. In this paper, we will develop an attribute control chart plotting the numbers of defectives for a two-stage process.
Designing of proposed control chart
It is assumed that the two processes considered here are independent of each other so that the statistics obtained from two processes are statistically independent. We propose the following attribute control chart for a two-stage process:
Step 1: Select a random sample of size n 1 from the first process and count the number of defectives (denoted by D 1 ). Declare the process as in control if D UCL 1 1 £ and go to step 2. Otherwise, declare the process as out of control.
Step 2: Select a random sample of size n 2 from the second process and count the number of defectives (denoted by D 2 ). Declare the process as in control if
Otherwise, declare the process as out of control.
Suppose that the fractions nonconforming at the first process and at the second process are p 1 and p 2 , respectively. Then, D i (i = 1, 2) follows an independent binomial distribution with n i and p i . Because we assume that two processes are independent of each other, the number of defectives from the first process, and that from the second process should be independent. Furthermore, it is assumed that the fractions nonconforming at the first and the second processes are p 01 and p 02 , respectively, when the processes are in control. We consider the upper control limit (UCL) for the first process in the following form UCL n p k n p p 
where k 1 is the control constant for the first process to be determined. The mean and the variance of D D 
where k 2 is the control constant for the combined process to be determined. We may consider a lower control limit for each stage, but here we only consider an UCL for the simplicity. The probability of declaring as in-control for first process when it is actually in control is derived as follows
The probability of declaring as out-of-control for the two-stage process when the processes are actually in control is given by 
Hence, the in-control average run length (ARL) which is indication when the process will be out-of-control on average is given as follows 
In the next sections, we will derive the out-of-control ARL when (1) just first process is shifted, (2) just second process is shifted and (3) both processes are shifted.
Just first process is shifted
Suppose that the first process has been shifted to p c p 11 1 01
> ) while the second process remains in control. The probability of declaring as out of control for the shifted process is given as follows
The out-of-control ARL when just the first process has shifted will be 
Just second process is shifted
Now, suppose that the second process has been shifted to p c p 12 2 02 = ( c 2 1 > ) while the first process remains in control. Then, the probability of declaring as out of control for the shifted process is given as follows 
Therefore, the out-of-control ARL for this case is given by 
The probability of declaring as out-of-control for the two-stage process when the processes are shifted is given by 
Hence, the out-of-control ARL for this case is obtained by 
These out-of-control ARLs for three cases are obtained using the following procedure:
1. Specify values of p 01 , p 02 , n 1 , n 2 and the target incontrol ARL (r 0 Tables 2 and 4 show the unequal cases.
From Tables 1-4 , we note the following trends:
1. As the fraction nonconforming increases, the outof-control ARLs decrease more rapidly. 2. As the target in-control ARL increases, smaller sample sizes are required for the two-stage process. 3. According to the sample size allocation at the first and the second process, the ARL performance can be different. Figure 1 shows the trend in ARLs according to the shift constants when p 01 = p 02 = 0.01 and r 0 300 = . From Figure 1 , we see that ARLs are decreasing rapidly when both processes, although they are also reasonably fast decreasing when first process is shifted or second process is shifted. We also note that the values of ARLs are more slowly decreasing when only the second process is shifted than when only the first process is shifted.
Example
For the possible application to an industrial data, we illustrate the use of the proposed chart with synthetic data. Suppose that there is a two-stage manufacturing process, where the number of nonconforming items is counted at each process by subgroups. To generate the synthetic data, it is assumed that p 01 = p 02 = 0.01 and n n 1 2 67 = = . The data are reported in Table 5 , where D 1 shows the number of nonconforming items at the first process for each of 30 subgroups and D 2 shows the number of nonconforming items at the second process.
The estimated fraction nonconforming for our data is given as follows 4 642 3 5435 = = . , .
Therefore, the control limit for first process when using the estimated fraction nonconforming is calculated as The UCL 2 is given as .
We plotted the number of nonconforming cans on control chart for the first process in Figure 2 .
From Figure 2 , we note that all the values of D 1 are below UCL 1 4 08 = . , which shows that the first process is in control. To check the state of the second process or the combined one, we plotted the total number of nonconforming cans from both processes on Figure 3 .
From Figure 3 , we note that all the values of
are below UCL 2 , which indicate that the two-stage process is in control.
Comparative study
In this section, we will compare the performance of the proposed control chart with the Shewhart np control chart using
. Therefore, the UCL of the Shewhart control chart is given by (2). However, it is different from the proposed chart in that the process is declared as in-control for the proposed chart when the first stage is in-control and the combined process is in-control. To save the space, we will consider the case when p = 0.05, r 0 = 400 and n = 70 for the proposed control chart and Shewhart control chart. We only consider the case that both stages are shifted. Figure 4 shows the ARLs according to the shift constants for the proposed chart and Shewhart chart. From Figure 4 , it can be noted the proposed control chart has smaller ARLs than the Shewhart control chart when both processes are shifted. Therefore, the proposed control chart is more efficient than the Shewhart type control chart in detecting the shift in the manufacturing process.
Concluding remarks
In this manuscript, we designed an attribute control chart for a two-stage process. The performance of the proposed chart is assessed in terms of ARLs. The proposed chart is illustrated with a synthetic data set. It is observed that 
